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ABSTRACT

In this work, we clarify, extend and solve an open problem
concerning the computational complexity for packet schedul-
ing algorithms to achieve tight end-to-end delay bounds. We
first focus on the difference between the time a packet fin-
ishes service in a scheduling algorithm and its virtual fin-
ish time under a GPS (General Processor Sharing) sched-
uler, called GPS-relative delay. We prove that, under a
slightly restrictive but reasonable computational model, the
lower bound computational complexity of any scheduling al-
gorithm that guarantees O(1) GPS-relative delay bound is
Q(logan) (widely believed as a “folklore theorem” but never
proved). We also discover that, surprisingly, the complexity
lower bound remains the same even if the delay bound is
relaxed to O(n®) for 0 < @ < 1. This implies that the delay-
complexity tradeoff curve is “flat” in the “interval” [O(1),
O(n)). We later extend both complexity results (for O(1)
or O(n*) delay) to a much stronger computational model.
Finally, we show that the same complexity lower bounds
are conditionally applicable to guaranteeing tight end-to-end
delay bounds. This is done by untangling the relationship
between the GPS-relative delay bound and the end-to-end
delay bound.
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1. INTRODUCTION

Packet scheduling is an important mechanism in provid-
ing QoS guarantees in data networks [4, 7, 19]. The fairest
algorithm for packet scheduling is General Processor Shar-
ing (GPS) [4, 12]. However, GPS is not a realistic algorithm
since in a packet network, service is performed packet-by-
packet, rather than “bit by bit” as in GPS. Nevertheless,
GPS serves as a reference scheduler that real-world packet-
by-packet scheduling algorithms (e.g., WFQ [4]) can be com-
pared with in terms of end-to-end delay bounds and fair
bandwidth allocation.

In a link of rate r served by a GPS scheduler, each ses-
sion ¢ = 1,2,--- ,n is assigned a weight value ¢;. Each
backlogged session j at every moment ¢ is served simultane-
ously at rate rj = r¢;/(3 ;¢ () #i), Where B(t) is the set
of sessions that are backlogged at time ¢. One important
property of GPS, proved in [12], is that it can guarantee
tight end-to-end delay bound to traffic that is leaky-bucket
[17] constrained.

It is interesting to look at the GPS-relative delay of a
packet served by a scheduling algorithm ALG as compared
to GPS. For each packet p, it is defined as maz(0, FI;“G -
FFP9), where F;‘LG and FFPS are the times when the
packet p finishes service in the ALG scheduler and in the
GPS scheduler, respectively. It has been shown in [12] and
[2] respectively that W FQ and W F?Q schedulers both have
a worst-case GPS-relative delay bound of L";” , where Lpqz
is the maximum packet size in the network and r is the total
link bandwidth. That is, for each packet p,
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We simply say that the delay bound is O(1) since L4z and
r can be viewed as constants independent of the number
of sessions n. WFQ and WF?Q achieve this O(1) delay
bound by (a) keeping perfect track of the GPS clock and
(b) picking among all (in WFQ) or all eligible (in W F2Q)
head-of-session packets, the one with smallest GPS virtual
finish time to serve next. The per-packet worse-case com-
putational complexity of the second part ((b) part) in both



WFQ and WF?2Q is O(logan). In other words, the com-
putational cost to “pay” for the O(1) GPS-relative delay
bound in both WFQ and W F2Q is O(logan)*.

On the other hand, round-robin algorithms such as DRR
(Deficit Round Robin) [13] and WRR (Weighted Round
Robin) [10] have a low implementation cost of O(1). How-
ever, they in general cannot provide the tight GPS-relative
delay bound of L’"% In fact, the best possible delay bound
they can provide is O(n). This is illustrated in Fig. 1. We
assume that these n sessions share the same link and have
the same weight. Without loss of generality, we also as-
sume that these sessions are served in the round-robin order
1,2,--- ,n. At time 0, packets of length M have arrived at
sessions 1,2,--- ,n — 1, and a packet of length m < M has
arrived at session n. Suppose M is no larger than the ser-
vice quantum size used in round-robin algorithms so that all
these packets are in the same service frame. Then clearly
the short packet in session n will be served behind n—1 long
packets. So the GPS-relative delay of the short packet can
be calculated as ("_l)(rﬁ, which is O(n).

transmission frame

session 1
session 2

session n—1

session n

Figure 1: How round robin algorithms incur O(n)
GPS-relative delay

We have just shown that algorithms with O(logan) com-
plexity (GPS time tracking overhead excluded) such as W F'Q
and WF?Q can provide O(1) GPS-relative delay bound,
while O(1) round-robin algorithms such as DRR and WRR
can only guarantee a delay bound of O(n). An open problem
proposed in Sigcomm’01 by Guo (author of [8]) is whether
this represents indeed the fundamental tradeoff between com-
putational complexity of the scheduling algorithm and the
GPS-relative delay bound they can achieve. More specifi-
cally, Guo asks whether it is possible to design an o(logan)
(ideally O(1)) algorithm to guarantee O(1) GPS-relative de-
lay bound. Our work clarifies and extends this question, and
answers it in a comprehensive way.

The first major result of this paper is to show that Q(logan)
is indeed the complexity lower bound to guarantee O(1)
GPS-relative delay®, excluding the cost of tracking GPS
time. This bound is established under the decision tree com-
putation model that allows direct comparisons between its
inputs (in our context between GPS virtual finish times of
the packets). This model seems slightly restrictive but is

'Here the cost of the GPS clock tracking ((a) part) is not
included.

?Leap Forward Virtual Clock (LFV C) scheduler has a low
implementation complexity of O(log(logn)) using timestamp
discretization, but may incur O(n) GPS-relative delay in
the worst case. This is because, with small but positive
probability, the “discretization error” may add up rather
than cancel out.
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Figure 2: The asymptotic tradeoff curve between
delay bound and computational complexity

reasonable for our context, since such comparisons are in-
deed sufficient for assuring O(1) GPS-relative delay bound
in WFQ and WF2Q [12, 2]. This result granted for the
moment, we now have two points on the complexity-delay
tradeoff curve, as shown in Fig. 2. One is O(n) delay at the
complexity of (1) and the other is the O(1) delay at the
complexity of Q(logan). One interesting question to ask is
how do other parts of the “tradeoff curve” look. More specif-
ically, to guarantee a delay bound that is asymptotically be-
tween O(1) and O(n), say O(y/n), can the complexity of
packet scheduling be asymptotically lower than Q(logan),
say Q(y/logan)? The result we discover and prove is surpris-
ing: for any fixed 0 < a < 1, the asymptotic complexity for
achieving O(n®) delay is always Q(logan). As shown in Fig.
2, this basically says that the asymptotic tradeoff curve is
“flat” and has a “jump” at O(n).

The second major result of this paper is to strengthen the
aforementioned lower bounds by extending them to a much
stronger computational model: decision tree that allows lin-
ear comparisons. However, under this computational model,
we are able to prove the same complexity lower bounds
of Q(logan) only when the scheduling algorithm guarantees
O(1) or O(n?) (0 < a < 1) disadvantage delay bound. Dis-
advantage delay is a slightly stronger type of delay than the
GPS-relative delay, since for each packet, its disadvantage
delay is no smaller than its GPS-relative delay. Neverthe-
less, the second result is provably stronger (by Theorem 5)
than our first result (for both O(1) and O(n?) cases).

Our third and final result is to show that the same com-
plexity lower bounds can to a certain extent be extended to
guaranteeing tight end-to-end delay bounds. This is done
by studying the relationship between the GPS-relative de-
lay bound and the end-to-end delay bound. In particular
we show that, providing tight GPS-relative delay bound of
Lmae ip Latency Rate (LR) schedulers (introduced in [15]) is
conditionally equivalent to providing the tight latency bound
of L"‘% + L , where Lz, is the maximum size of a
packet in session ¢ and r; is the guaranteed rate of session
i. This allows us to prove that the per packet computa-
tional complexity for guaranteeing a tight latency bound of
O(n“L";& + L";—‘:““) for all Lymaz,s > 0 is Q(logam), under
certain reasonable conditions.

Though it is widely believed as a “folklore theorem” that
scheduling algorithms which can provide tight end-to-end
delay bounds require Q(logan) complexity (typically used
for maintaining a priority queue), it has never been care-
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fully formulated and proved. To the best of our knowledge,
our work is the first major and successful step in establish-
ing such complexity lower bounds. Our initial goal was to
show that the Q(logan) delay bounds hold under the deci-
sion tree model that allows linear comparisons. Though we
are not able to prove this result in full generality, our rigor-
ous formulation of the problem and techniques introduced in
proving slightly weaker results serve as the basis for further
exploration of this problem.

The rest of the paper is organized as follows. In Section
2, we introduce the computational models and assumptions
we will use in proving our results. The aforementioned three
major results are established in Section 3, 4, and 5 respec-
tively. Section 6 concludes the paper.

2. ASSUMPTIONS AND COMPUTATIONAL

MODELS

In general, complexity lower bounds of a computing prob-
lem are derived based on problem-specific assumptions and
conditions, and a computational model that specifies what
operations are allowed in solving the problem and how they
are “charged” in terms of complexity. In Section 2.1, we
describe a network load and resource allocation condition
called CBFS (continuously backlogged fair sharing) under
which all later lower bounds will be derived. In Section 2.2,
we introduce two computational models that will be used
in Section 3 and 4, respectively. Finally in Section 2.3, we
discuss why decision tree computational models are chosen
for studying complexity lower bounds.

2.1 CBFS condition

All lower bounds in this paper will be derived under a
network load and resource sharing condition called continu-
ously backlogged fair sharing (CBFS). Let n be the number
of sessions and r be the total bandwidth of the link. In
CBFS,

e (Fair Sharing) Each session has equal weight, that is,
for any 1 <i < j<m, ¢; = ¢;.

e (Continuously Backlogged) Each session has a packet
arrival at time 0. Also, for any ¢ > 0 and 1 <i < m,
A;(t) > Lt. Here A;(t) is the amount of session %
traffic that has arrived during the interval [0, ¢].

We call the second part of the condition “continuously
backlogged” because if these sessions are served by a GPS
scheduler, they will be continuously backlogged from time
0. This is proved in the next proposition.

PROPOSITION 1. For any packet arrival instance that con-
forms to the CBFS condition, each and every session will be
continuously backlogged when served by a GPS scheduler.

PROOF. The proof is by contradiction. Suppose some ses-
sions may become unbacklogged at certain points of time.
We can view packet scheduling as an event-driven system
in which the events are the arrivals and departures of the
packets. Since all sessions are backlogged at time 0, the fol-
lowing is the only possible way that session ¢ may become
unbacklogged at time ¢: a packet departs from session ¢ at
time ¢, and its next packet does not arrive until time 7 > ¢
(7 = oo if there is no such arrival). Let t* be the time that

the earliest such packet departure event happens. Suppose
this happens to session ¢*, and session * does not become
backlogged until 7* > t*. By the definition of ¢*, all sessions
are continuously backlogged between [0,%*]. So, under the
GPS scheduler, the amount of service each session receives
during this period is the same, which is Zt*. Let 7* > t' > t*
(to avoid the case 7* = 00). Then the amount of service ses-
r

sion ¢* receives during the interval [0,¢'] is Z¢* < Z¢', which

violates the second part of the CBFS condition. [

Since our lower bounds are on the computational com-
plexity in the worst case, the general lower bounds can only
be higher than or equal to the bounds derived under the
CBF'S condition (i.e., we don’t “gain”’ from this condition).
The significance of this condition is profound:

e First, computing the GPS virtual finish time of a packet
p becomes an O(1) operation (see remark after Propo-
sition 2). So CBFS condition allows us to “naturally
exclude” the cost of tracking GPS clock.

e Second, we will show that under the CBFS condition,
many existing scheduling algorithms such as Virtual
Clock (VC) [20], Frame-based Fair Queuing (FFQ)
[14] and W F2Q+ [3] are equivalent to either W FQ
or WF2Q (Proposition 3). So whenever we need to
relate our results to these scheduling algorithms, we
only need to study WFQ and W F2Q.

e Third, the complexity lower bounds that are proved
under this condition are still tight enough. In other
words, we are not “losing” too much ground on com-
plexity lower bounds when restricted by this condition.

In our later proofs, we assume that the size of a packet can
take any real number between L,;, and Ly,q,, which denote
the minimum and the maximum packet sizes respectively.
This is, in general, not true for packet networks. However,
it can be shown that if we remove part one (fair sharing)
of the CBFS condition and instead allow weighted sharing
(with part two adjusted accordingly), we do not need to
insist on such freedom in packet size. In fact, our proofs
will work even for ATM networks where fixed packet size is
used. Since this proof is less interesting, we omit it here to
save space.

For simplicity of discussion in our later proofs, we further
assume that L, = 0, i.e., the minimum packet size can be
as small as zero. It can be shown that all later proofs remain
true when Ly,;, > 0, with adjustments on the constants used
in the proofs. The proof of this claim is also omitted due to
space limitations.

In the following, we prove two important results (Proposi-
tion 2 and 3) concerning the equivalence between scheduling
algorithms under the CBFS condition.

DEFINITION 1. We say that two scheduling algorithms are
equivalent under a condition C if given any arrival instance
conforming to condition C, these two algorithms will gener-
ate the same packet service schedule.

NOTATION 1. For the k’th packet in session i, let L,
Tix, and F; denote its length, arrival time, and GPS vir-
tual finish time, respectively. Let V (t) denote the GPS vir-
tual time as a function of real time t.



PrOPOSITION 2. Under the CBFS condition,

L

e (0) Fip =Fip1+-22,1<i<nandk>0. Here

we let F;0 =0 by deﬁﬁition.
e b)V(t)=t

PROOF. (a) In GPS,
Li

T

Fix = mazx(Fi -1, Tix) + 3)
It is clear that T, < Fjj_1, since otherwise, during the
time period [F} k—1,T; %] the session i is idle under GPS, vi-
olating the continuously backlogged (Proposition 1) property
of CBFS. So the formula (3) becomes Fj; = Fjx—1 + L;’,’“.

(b) Recall that V(t) is defined as follows: '

V(0)=0 (4)
Vit+r)=V(E) +rr/( Y m) (5)
i€B(t)

where B(t) is the set of sessions that are active during the
interval [t,t + 7]. Here t + 7 can be anytime before the
occurrence of the first event (the arrival or departure of a
packet) after ¢. Since all sessions are backlogged all the
time under GPS (Proposition 1), B(t) is exactly the set of
all sessions. Therefore, 3°, 5,y i = r and consequently (5)
becomes V(¢ + 7) = V(¢) + 7. This, combined with (4),
implies that V(¢) =t. [

Remark: It is clear from (a) that the calculation of GPS
virtual finish time is an O(1) operation (under the CBFS
condition) per packet, as the program can store the result
of F; —1 from the prior computation.

PROPOSITION 3. Under the CBF'S condition, Virtual Clock
(VC) [20] and Frame-based Fair Quewing (FFQ) [14] are
equivalent to W FQ, and W F2Q+ [3] is equivalent to W F2Q).

PrROOF. Note that a scheduling algorithm is determined
by the following two components: (a) the calculation of the
estimated virtual finish time of a packet and (b) the policy
in selecting the next packet for service. Qur first step is to
show that, under the CBFS condition, Fj, the estimated
virtual finish time, agrees with F;, the actual one, in VC,
FFQ, and WF2Q+ (i.e., the equivalence of (a) part). The
equivalence of (b) part is shown in the second step.

To show F; i = F’i,k, it suffices to show that (I) sz =
Fip1+ Lik  This is because Fip, =Fip_1+ Lik due to

T T
Proposition 2a. Here Fio = 0 by definition. Let V(¢) be
the estimation of the virtual time as a function of real time
t. It also suffices to show (II) V(t) = t, since V(t) = ¢
under CBFS (Proposition 2b), and V (t) = V(t) implies (I).
In the following, we show in all three algorithms, either the
assertion (I) or (II) holds:

e VC: V(t) =t (aforementioned assertion (II)) by defi-
nition [20].

e FFQ: In FFQ, the approximation of GPS virtual time
is based on a concept called frame, which represents
the maximum amount of service any flow may receive

during a frame period. A frame period ends when
all traffic belonging to the frame has been serviced
and the next frame period immediately starts. This
maximum can be reached if and only if the flow is
continuously backlogged during the frame period. All
packets within a frame period will be served based on
the increasing order of their estimated GPS virtual fin-
ish time, and packets belonging to the future frames
will be served only after all packets within the current
frame finish service. In the following, the virtual time
estimation function in FFQ is denoted as P (instead
of V(t)), following the notations used in [14]. There
are two program statements in FFQ that will change
the value of P:

(a) P < P +length(j)/f (line 1 in Fig. 3 of [14])
(b) P < max(Frame, P) (line 9 in Fig. 3 of [14])

It can be shown that under the CBF'S condition, Frame
< P as always, using similar arguments as used in the
W F?Q+ proof below. The rigorous proof of this re-
quires a detailed description of the algorithm and in-
volved invariant-based induction steps, which is omit-
ted here. So statement (b) above never changes the
value of P. Therefore, all the changes to P come from
(a), which is equivalent to the aforementioned asser-
tion (I).

e WF2Q+: We would like to show the aforementioned
assertion (II) V(t) =t. We prove this by induction on
the packet arrival and departure events, since the vir-
tual time estimation is triggered only by and for these
events. Note that V(¢) =t at the time the 0’th event
happens (i.e., t=0). Suppose at (real) time ¢* when the
j'th event (j > 0) happens, V(t*) = t*. We need to
show that V (#* +7) = t*+7, in which ¢* 47 is the time
when the (j41)th event happens. In WF2Q+, f/(t* +
7) = maz(V(t*) + 7, minc p+y Si(t*)), where B(t*)
is the set of backlogged sessions during the interval
[t*,t" + 7] and S;(t") is the virtual start time of (back-
logged) session ¢’s head-of-line (HOL) packet at time
t*. It suffices to show (a) V(t*)+7 > min;ec (=) Si(t"),
since this implies V(t* 4+ 7) = V(t*) + 7, which com-
bined with the induction hypothesis, implies V (t* +
7) = t* + 7. We prove (a) by contradiction. Sup-
pose (b) t* + 7 < min;ep(+) Si(t*) holds. Due to
the CBFS condition, each session ¢ is continuously re-
ceiving service up to the virtual time S;(¢*). Since
S;(t*) > t + 7 for any 4 according to (b), this implies
that the amount of service rendered during the period
[0,¢"+7]is Yo7, Si(t") > >0, (" +7)ri = (" +7)r.
However, (t* + 7)r is the maximum possible amount
of service rendered within ¢* + 7 seconds.

Finally, note that that the policy of selecting next packet
for service is the same in FFQ and VC as in WFQ: choosing
the one with the smallest estimated virtual finish time. Also,
such policy is the same in W F2Q+ as in W F2Q, since both
select the packet that has the lowest timestamp among those
that should have started service in GPS. [

2.2 Decision tree models

We adopt a standard and commonly-used computational
model in proving lower bounds: the decision tree. A de-
cision tree program in general takes as input a list of real



variables {z;}1<i<n. Each internal and external (leaf) node
of the tree is labeled with a predicate of these inputs. The
algorithm starts execution at the root node. In general,
when control is centered at any internal node, the predicate
labeling that node is evaluated, and the program control
is passed to its left or right child when the value is “yes”
or “no” respectively. Before the control is switched over,
the program is allowed to execute unlimited number of se-
quential operations such as data movements and arithmetic
operations. In particular, the program is allowed to store
all results (i.e., no constraint on storage space) from prior
computations. When program control reaches a leaf node
the predicate there is evaluated and its result is considered
as the output of the program. The complexity of such an
algorithm is defined as the depth of the tree, which is sim-
ply the number of predicates that needs to be evaluated in
the worst case. Fig. 3 shows a simple decision tree with six
nodes. Each P; (1 <14 <6) is a predicate of the inputs.

Input x = <x1, X2, ..., xn>

Figure 3: Decision tree computational model

The decision tree was originally proposed for decision prob-
lems, in which the output is binary: simply “yes” or “no”.
The model can be extended to handling more general prob-
lems the output of which is not necessarily binary. For ex-
ample, in the context of this work, the output will be the
sequence in which packets get scheduled.

Allowing different types of predicates to be used in the
decision tree results in models of different computational
powers. On one extreme, if the decision tree program allows
the magic predicate P(z1, z2,- - , ) that exactly solves the
problem, then the complexity of the problem is precisely 1.
On the other extreme, if the decision tree program only al-
lows constant predicates, then nontrivial (nonconstant) de-
cision problems are simply not solvable under this model, no
matter how much computation is performed. In this work,
we consider predicates that are reasonable in the sense that
existing scheduling algorithms are able to provide O(1) GPS-
delay bounds using only such predicates.

The first computational model we consider is the
decision tree that allows linear tests [5]. In this model,
each predicate allowed by the decision tree is in the form
of “h(x1,x2,- - ,x,) > 077, where h is a linear function
(defined below) of the inputs {z;}1<i<n.

DEFINITION 2  (LINEAR FUNCTION). A linear function
f of the variables {x:}1<i<n s defined as f(z1, 22, - ,Tn) =
ZZL:I a;z; + ao, where {a;}o<i<n are real constants.

This model will be used in our proofs in Section 4. In the
context of this work, the inputs will be the lengths and the

arrival times of the packets. Note that the linear comparison
model is quite generous: functions like f in the above defini-
tion may take up to O(n) steps to compute, but the model
charge only “1” for it. However, one may still argue that
linear function can be restrictive for packet scheduling since
it does not offer an efficient way to calculate GPS virtual
finish times from the inputs. Note that GPS virtual finish
time is in general not a linear function (actually piece-wise
linear) of the inputs. Fortunately, as we proved in Proposi-
tion 2a, under the CBFS condition, the GPS virtual finish
time of any packet is indeed a linear function of these inputs!
So under the CBFS condition, this model is not restrictive.

Under the CBFS condition, this model is reasonable also
in the sense that many existing scheduling algorithms, in-
cluding WFQ, VC, FFQ, WF?Q, and W F?Q+, use only
the operations allowed in the model. Due to Proposition 3,
under the CBFS condition, we only need to consider W FQ
and WF2Q. Note that in both WFQ and W F?Q, (1) GPS
time estimation is an O(1) operation and does not require
branching statements under the CBFS condition (see remark
after Proposition 2), and (2) comparisons between virtual
finish times (shown to be the linear functions of the inputs)
are all that is needed in making scheduling decisions. Care-
ful readers would point out that W F2Q also involves com-
parisons with virtual start times. However, note that under
the CBFS condition, the virtual start time of a packet is
exactly the virtual finish time of the previous packet in the
same session!

The second computational model we introduce is the
decision tree that allows comparisons only between its in-
puts. It has been used in proving the Q(nlogan) lower bound
for comparison-based sorting algorithms [1]. It is strictly
weaker than the previous model since the set of predicates
that are allowed in this model is a proper subset of what
is allowed in the previous model. However, for the par-
ticular class of instances that are used in establishing our
lower bounds, the second computational model is also rea-
sonable. We will show that under the CBFS condition, al-
lowing comparisons among inputs is equivalent to allowing
comparisons between GPS virtual finish times of the pack-
ets in that instance class. Since both WFQ and WF?Q
are able to provide O(1) GPS-relative delay bounds using
such comparisons only, this model is not restrictive either.
In summary, both computational models are practical and
nonrestrictive, in the sense that they are actually being used
by existing scheduling algorithms.

2.3 Remarks on the decision tree model

A decision tree program allowing certain branching predi-
cates is computationally stronger than a computer program
that allows the same types of branching predicates and is
memory-constrained. This is because (1) the decision tree
can be totally different when the size of input changes, and
(2) the computational complexity counted in the decision
tree model is only the depth of the tree, not the size of
the tree. Neither is true about a regular computer pro-
gram. So the lower bound derived under the decision tree
model can be no larger than the lower bound achievable by a
computer program! For example, Knapsack®, a well-known

3Among aset T = {x1,22,- - ,Zn} of n real numbers, decide

whether there exists S C T such that Y z = 1.
z€S



NP-complete problem, has an O(n’log?n) algorithm? in the
decision tree model that allows linear comparisons [9]. De-
spite the fact that a decision tree algorithm can be computa-
tionally stronger than a computer program, when allowing
the same branching predicates, many lower bound proofs
are based on decision tree. This is because (1) they provide
powerful tools for proving lower bounds, and (2) so far there
is no model that exactly captures the computational power
of a computer program and at the same time provides such
powerful tools.

3. COMPLEXITY-DELAY TRADEOFFS
WHEN ALLOWING COMPARISONS
BETWEEN INPUTS

In this section, we prove that if only comparisons between
inputs are allowed, the complexity to assure O(1) or O(n%)
(0 < a < 1) GPS-relative delay bound is Q(logan). In
Section 3.1, we introduce two general lemmas used in later
proofs. Section 3.2 and 3.3 proves the Q(logan) complexity
lower bounds for the case of O(1) and O(n®) respectively.

3.1 Preliminaries

A reduction argument similar to those used in NP com-
pleteness proofs is used in proving the complexity lower
bounds throughout this paper. The basic idea is to con-
vert a problem Pj, the complexity lower bound of which is
known (say B), to the problem P, for which we would like
to determine the complexity lower bound. If it can be shown
that the conversion cost is no more than C, then the com-
plexity lower bound of problem P, is at least B — C. In this
paper, sorting problems with known complexity lower bound
of nlogan — o(nlogan) (for instance of size n), are reduced
to scheduling problems with O(n®) (0 < a < 1) delay or
disadvantage guarantees. We show that the reduction cost
is no more than anlogan. Therefore, the scheduling com-
plexity has to be at least (1 — a)nlogan — o(nlogan) since
otherwise the resulting sorting algorithm beats its proven
complexity lower bound, which is impossible. Here we write
nlogan — o(nlogan) instead of Q(nlogan) in order to empha-
size that the constant factor of the main term is precisely
1.

In the following, we state without proof the well-known
complexity lower bound for comparison-based sorting [1]. Its
proof can be found in several algorithm textbooks, including
[1]. It is clear from the proof that this lower bound holds
even if all the real numbers are between two numbers m and
M (0<m < M).

LEMMA 1 (SORTING LOWER BOUND [1]). To sort a set
of n numbers {z;}1<i<n using only comparisons among them,
requires nlogan — o(nlogam) steps in the worst case.

Reduction to the sorting problem is sufficient for proving
the lower bounds (when allowing direct comparisons among
inputs) for scheduling throughout this section. However, to
prove stronger results (when allowing linear tests) in Section
4, we need to reduce them to a stronger version of the sort-
ing lower bound (Lemma 3). Since the reduction steps for
proving stronger lower bounds in Section 4 can be “reused”

4This, however, does not imply P = NP, since a decision
tree algorithm can be more powerful than a computer pro-
gram.

for proving the weaker results in this section, for the overall
succinctness of the proofs, reductions in this section will also
be based on Lemma 3 (stronger version) instead of Lemma
1 (weaker version).

DEFINITION 3. The set membership problem is to deter-
mine whether the input {z:}1<i<n, viewed as a point (x1, x2,
-, &n) in the Euclidean space R™, belongs to a set L C R™.

In the following, we state a general lemma concerning
complexity of set membership problems (defined above) un-
der the decision tree model that allows linear tests. This
lemma, due to Dobkin and Lipton [5], has been used exten-
sively in lower bound proofs (e.g., [6]). In complexity theory,
lower bound for solving a set membership problem is closely
related to the geometric properties of the set. The following
lemma essentially states that if the set consists of N dis-
connected open sets, determining its membership requires
at least loga N complexity.

LEMMA 2. Any linear search tree that solves the mem-
bership problem for a disjoint union of a family {A;}ier of
open subsets of R™ requires at least log2|I| queries in the
worst case [5].

PROOF (ADAPTED FROM [5]). Consider the decision tree
algorithm for deciding membership in a set L C R™. At
any leaf node, the algorithm must answer “yes” or “no”
to the questions of whether the inputs zi,z2,--- ,x, are
coordinates of a point in L. Let the set of points “accepted”
at leaf p be denoted by 7T}, (i.e., T, is the set of points for
which all tests in the tree have identical outcomes and lead to
leaf node p, for which the algorithm answers “yes”). The leaf
nodes of the tree partition R™ into disjoint convex regions
because all comparisons are between linear functions of the
coordinates of the input point, so in particular each of the
accepting sets T} is convex.

We prove the lemma by contradiction. Suppose that the
level of the tree is less than logz|I|. Then the number of leaf
nodes must be strictly less than I. Now since L consisting
of |I| disjoint regions, some accepting node T, must accept
points in two regions due to the pigeon-hole principle, say Lq
and Lg. Choose any points Py € T, (| Lo and P> € T, () Lg.
Note that the linear comparisons (viewed as hyperplanes)
dissect R™ into convex polytopes. By the convexity of Ty,
every point on the line PP, is in T,. So for every such
point the algorithm answers “yes”. However, L, and Lg
are disjoint open sets, so the line P; P, contains points not
in L. This contradicts the correctness of the membership
algorithm. [J

Now we are ready to introduce the aforementioned stronger
result, concerning sorting complexity lower bound when al-
lowing linear tests. Let 0 < m < M be two real num-
bers. The following Lemma (Lemma 3) essentially states
that, when linear tests are allowed, the same sorting com-
plexity lower bound (nlogan — o(nlogan)) still holds when
these n numbers are evenly distributed in the following n
neighborhoods: {(m + i(lxtlm) —e,m+ i(]\:;lm) +e) h<i<n
(i.e., there exists a permutation 7 of n elements such that

m+%—e<mﬂ(i)<m+%+e,i=l,2,---,n).

To see this, we show that this sorting problem is at least
asymptotically “as hard as” the membership problem for




the following set L: L = {(yl,yz, ., Yn) € R™ : there exists
a permutation 7 of 1, ..., n such that m+ ’(M m g < y,r(l)

< m+l(ﬂf+1m) +46,i=1,2,---,n}. HereO <5 < 3(n+1)
is a “small” real constant. “Sorting” is at least asymptot-
ically “as hard”, since if there is an algorithm for sorting
with computational complexity B, then there is a B + O(n)
algorithm for the membership problem (just sort the num-
bers using B time and check using O(n) time if they are in

the corresponding neighborhoods).

LEMMA 3. Under the decision tree model that allows lin-
ear tests, given the inputs {wi}lgign, determining whether
(z1,22,--- ,xn) € L requires at least nlogamn - o(nlogan) lin-
ear tests.

Note that this result is stronger than Lemma, 1 since here
the computational model (allowing linear tests) is stronger
and there are restrictions on the values that these n numbers
can take.

PROOF. Let II be the set of permutations on the set {1, 2,
,n}. Then by the definition of L, L = |J, c; L». Here L

={(y1,y2, .y yn) : M+ l(l\:_zlm) i< Yr(s) < m+Z(M71m) +34,
i =1,2,---,n}. Each L, is obviously an open set. Also
L,, and L, are disjoint if w1 # m3. To see this, note that
if m1(¢) # m2(3) for some %, then each point in L., and each
point in L, must have a minimum distance of § between
their i’th coordinates.

The number of such regions {Lx }rem is n! because [II| =
n!l. So by Lemma 2, the number of comparisons must be at
least loga(n!), which by Stirling’s formula (n! ~ v27n(%2)"),
is equal to nlogan - o(nlogan). [

Remark: We emphasize that the floor (and equivalently
the ceiling) function is not allowed in the decision tree. Oth-
erwise, an O(n) algorithm obviously exists for deciding L-
membership based on bucket sorting. Note that the floor
function is a not a linear function (piecewise linear instead).
The linearity of the test is very important in the proof of
Lemma 2 since it relies on the fact that the linear tests dis-
sect the space R"™ into convex regions (polytopes). These
regions are no longer convex when the floor function is al-
lowed. For this reason, the floor function® is disallowed in
almost all lower bound proofs. Nevertheless, despite the fact
that the floor function will “spoil” our lower bound proofs
(and many other proofs), no existing scheduling algorithm
(certainly allowed to use “foor”) is known to have a worst
case computational complexity of o(logan) and guarantee
O(1) or O(n?®) (0 < a < 1) worst-case GPS-relative delay.
Studying the computation power of “floor” on this schedul-
ing problem can be a topic for future research.

3.2 Q(logon) cOmplexity for o(1) delay

In this section, we prove that Q(logan) complexity is re-
quired to guarantee O(1) GPS-relative delay, when only
comparisons between inputs (equivalently GPS virtual fin-
ish times) are allowed. A naive argument for this would be
that it takes Q(logan) per packet to schedule the packets ac-
cording to the sorted order of their GPS virtual finish times.
However, this argument is not a proof since it can be shown
that to be sorted is not a necessary condition (although it

®Its computational power is discussed in [18] in detail.

is sufficient [12]) to assure O(1) GPS-relative delay. For ex-
ample, if a GPS-relative delay bound of 10 maximum size
packets needs to be assured, then given a service schedule
sorted according to their GPS virtual finish times, any 9
packets can be relocated (intra-session packet service order
should however be preserved) without violating this delay
bound.

Before stating the lower bounds and their proofs, we would
like to explain the intuition behind them. The core idea is
to reduce the problem of scheduling with O(1) delay bound
to the problem of sorting. Given any sorting instance, we
reduce it to a scheduling instance in O(n) time and run the
scheduler with O(1) delay bounds on it. Then we can show
that the resulting output can be sorted in O(n) time. Since
the sorting complexity is nlogan — o(nlogan), the scheduling
complexity has to be at least nlogan — o(nlogan). Other-
wise, we have an algorithm that asymptotically beats the
complexity lower bound, which is impossible. The proof is
split into two parts. In the first part (Theorem 1), we ex-
plain the reduction algorithm and establish the complexity
equations. In the second part (Theorem 2), we show that
this reduction program is correct in the sense that the re-
sulting program (output of the reduction process) indeed
performs sorting correctly. This is proved using standard
invariant-based techniques for establishing program correct-
ness, and an assertion that a scheduling program should sat-
isfy (Lemma 4), when comparisons are only allowed among
inputs.

In proving the following theorem, we assume that there
is a O(1)-Delay-Scheduler procedure which guarantees that
the GPS-relative delay of any packet will not exceed K =maz L"“””
(i.e., O(1)). Here K > 1 is a constant integer 1ndependent
of the number of sessions n and the total link bandwidth 7.
We also assume that the CBFS condition is satisfied.

THEOREM 1 (COMPLEXITY). The computational com-
plezity lower bound of the procedure O(1)-Delay-Scheduler
18 Q(logam) per packet.

PrROOF. Our proof uses the reduction method in com-
putational complexity, similar to those used in NP com-
pleteness proofs. We construct a procedure for solving L-
membership (defined in the previous section) as follows.
Recall that L = {(y1,y2,...,Yn) : there exists a permuta-

tion 7 of {1,2,...,,n} such that m + i(lf;lm) — 6 < y,,(i) <
m+l(f+f") +6,4=1,2,--- ,n}, where 0 < § < 3(n+1) Here

we let m = Ly, = 0 (Lmin = 0 as mentioned before) and
M = Lz, where Lo, and Ly, are the maximum and
minimum packet sizes respectively. We proved in Lemma 3
that the number of linear tests that are needed in determin-
ing L-membership is nlogan — o(nlogan). Now, given the
inputs {z;}1<i<n to the L-membership problem, we convert
it to an instance of packet arrivals. We then feed the packet
arrival instance to the procedure O(1)-Delay-Scheduler. Fi-
nally, we process the output from the procedure to solve the
L-membership problem. Since the total number of compar-
isons for solving L-membership are nlogan—o(nlogan) in the
worst case, a simple counting argument allows us to show
that O(1)-Delay-Scheduler must use ©2(nlogan) comparisons
in the worst case. This reduction is illustrated in Fig. 4.
The procedure in Fig. 4 is divided into three parts. In
the first part (line 5 through 20), the program first checks if



20. end /* for */

29. end {for}

33. end /* procedure */

1. Procedure L-Membership I

2. input: x1,ZT2, - ,Tn

3. output: ‘‘yes’’ if (x1,%2,-':,Zn) € L and ‘‘no’’ otherwise

4. begin

5. /* Part I: Create a packet arrival instance and feed it to scheduler */
6. if 0 < 2; < Lmmaz for 1 < ¢ < n then proceed

7. else answer ‘‘no’’ endif

8. for i=1 to n begin

9. create (first) packet arrival Ai,l to session % of length z; at time 0O
10. create (second) packet arrival A;» to session ¢ of length Ly, —; at time 0
11. end /* for */

12. call Procedure O(1l)-Delay-Scheduler with

13. input: arrival instance A = {A;;}i<i<n,1<i<2

14. output: sorted schedule S = {S;}i<i<2, with 0(1) delay guarantee

15. j:=1

16. for i=1 to 2n begin

17. if S; is the first packet of a session then T[j] = S; endif

18. ji=j+1

19. /*T will only have n elements: first packets of the n sessions*/

21. /* Part II: ‘‘sort’’ the output schedule from the scheduler */

22. for i:= 2 to K + 2 begin

23. perform binary insertion of 7; into the list T3,T5,---,T;_1 according to their lengths
24. /* sort the first K + 2 packets using binary insertion according to their lengths */

25, end /* for */

26. for i:= K+3 ton

27. perform binary insertion of T; into the list T;_x_»2,T;—_kx_1,---,T;—1 according to lengths
28. /* binary insertion into a ‘‘window’’ of size K +2 */

30. /* Part III: check if the "‘sorted” list, viewed a point in R", is in L */
31. if % — 4 <length(T;) < ’fl% +4d for 4=1,2,--- ,n then answer ‘‘yes’’
32. else answer ‘‘no’’ endif

Figure 4: Algorithm I for L-Membership Test.

all the inputs are in the legitimate range (0, Lmaz). It then
generates two packets for each session 7 that arrive at time
0. The first and second packets of session i are of length
z; and L., — x;, respectively. Clearly, between time 0
and ”L%, the CBFS condition holds. The arrival instance
is fed as input to the procedure O(1)-delay-scheduler that
guarantees a delay bound of K L";J The output is the
schedule of these 2n packet by the scheduling procedure.
Then the second packet of each session is removed from the
schedule (line 16 through 20). In the second part (lines
21 through 29), these packets are sorted according to their
lengths, if (z1,22, - ,2,) € L and the procedure O(1)-
Delay-Scheduler indeed guarantees O(1) GPS-relative delay.
In the third part (line 30 through 32), the processed (sorted)
sequence is checked to see if it is indeed in L.

Recall that the procedure O(1)-Delay-Scheduler is allowed
to perform comparisons between its inputs, which are arrival
times (0) and lengths of the packets. In addition, the con-
stant Lmaq is allowed to be compared with any input®. Note
that this is equivalent to allowing comparisons between GPS

5We can artificially create a dummy session which has a
packet arrival of length L., at time 0.

virtual finish times of the packets, which are in the form of ei-
ther ™% (first packet of session ), i =1,2,--- ,n, or "L%
(second packets of all sessions). Both are linear functions
of the inputs which can be used in L-membership without
compromising its nlogan—o(nlogan) complexity lower bound
(by Lemma 3). Now it is straightforward to verify that ex-
cluding the procedure O(1)-Delay-Scheduler, a total of O(n)
linear comparisons/tests are performed throughout the L-
membership procedure. They include (a) comparisons in
line 17 between the GPS virtual finish time of T; and "L;'“” ,
(b) comparisons between GPS virtual finish times of packets
from line 21 through 29, and (c) comparisons in line 31 to
check if the (sorted) input is in L. So the number of compar-
isons used in the procedure O(1)-Delay-Scheduler must be
Q(nlogan). Otherwise, L-membership uses only o(nlogan)
comparisons, which contradicts Lemma 3. Therefore, the
amortized complexity per packet is Q(logan).

We have yet to prove the correctness of the L-membership
procedure, i.e., it solves the L-membership correctly for any
inputs. This is shown next in Theorem 2. [

Remark: An interesting question is whether Q(logan)
per packet cost is paid only at the very beginning (e.g., first



2n packets) and the cost per packet will be amortized to
o(logan) or even O(1) over the long run. The answer is that
this cost cannot be amortized. Its proof is omitted here due
to space limitations and will be included in the later version
of the paper.

THEOREM 2 (CORRECTNESS). The procedure in Fig. 4
will return yes if and only if (z1,x2,...,2n) € L.

ProoOF. The “only if” part is straightforward since line
30 through 32 (validity check) will definitely answer “no” if
(z1, 22, -+ ,zn) & L. We only need to prove the “if” part.

Note that after the execution of line 20, {length(T;)}1<i<n
is a permutation of the inputs {mz}lggn Right after the
execution of line 25, the lengths of T1,T5,- - ,Tk42 are in
increasing order. We prove by induction that the lengths of
all packets are sorted in increasing order after the execution
of the loop from line 26 to 29. We refer to the iterations in
the loop as Ixy3, Ik +a,..., In, indexed by the value of 7 in
each iteration. We prove that the first ¢ numbers are sorted
after iteration ¢, ¢ = K +3,--- ,n. This is obviously true for
i = K + 3. Suppose it is true for i = ¢ > K + 3. We prove
that it is also true for ¢ = ¢ + 1.

We claim that, right after the execution of line 20, in the
schedule {Ti}1<i<n, for K +3 < ¢ < n, there can be no
more than K + 2 elements among T1,T5,--- ,T;—1 that are
longer than T;. This is proved below in Lemma 4. Then
since the lengths of 141,75, -- ,T, are sorted in increasing
order after iteration g by the induction hypothesis, we know
that length(Ty—x—2) < length(Ty+1). Otherwise, there are
at least K + 3 packets (Ty—k—2, Ty—k—1, ' -+, Tg) that are
longer than T,t1. So for correct binary insertion, the pro-
gram only needs to search between the index ¢ — k — 2 and
q, as the program does in line 27. So the length of the first
q + 1 packets remain sorted after the insertion: the i = g+1
case proved. Finally, note that line 31 correctly checks for
L-membership if the numbers {length(T;)}1<i<n are sorted
in increasing order. [

The following lemma states that no packet will be sched-
uled behind more than K + 2 packets that have larger GPS
virtual finish time. The intuition behind its proof is the
following. Suppose a packet P is scheduled behind K + 2
packets that have larger timestamps. We convert the cur-
rent packet arrival instance into another instance in which
(a) all timestamps that are no larger than P's (including
P itself) are changed to small positive numbers that are
close to 0 and all timestamps that are larger are changed
to large numbers that are close t0 Lmqq, and (b) the order
of any pair of timestamps remain unchanged. The condi-
tion (b) guarantees that the resulting schedule will be the
same if only direct comparisons among inputs are allowed.
However, P is scheduled behind that K + 1 packets under
the new service schedule, which can be shown to violate the
O(1) GPS-relative delay guarantee for P.

LEMMA 4. Suppose that (x1,%2,--- ,Zn) € L. Then for
any i, 1 < ¢ < n, there can be no more than K + 2 pack-
ets among T1,T5,--- ,T;—1 that are longer than T;, in the
scheduler output right after the execution of line 20 in Fig.
4.

PROOF. Note that length(Ty) # length(T;) when k # I,
since (z1,Z2,-- - ,Zn) € L. So there exists a unique permuta-
tion 7 of {1, 2, ..., n}, such that length(Tr 1)) < length(Ty(2y)
<o < length(T,r(n)) We prove the lemma by contradic-
tion. For any ¢ > K + 3, suppose there are more than K + 2
packets that are scheduled before T; and are longer than Tj.
Suppose 7(j) = 1, i.e., T; is the j’th smallest packet among
{Tr}1<k<n. We argue that i < j + K + 2. In other words,
T; should not be displaced backward by more than K + 2
positions. To see this, we generate two arbitrary sets of
real numbers {ar}1<k<n and {Br}i<k<n, where 0 < a1 <
ar < .. <ap <dand 0 < B, < Bno1 < ... < B1 <6
Here § < 31&"4?“1”) as before. We consider what happens if
we modify the inputs {zx}1<r<n to the L-membership in
the following way: xzj is changed to a,) if zx < z; and
is changed to Limaz — Br(k) if £x > ;. It is not hard to
verify that the relative order of any two numbers z; and
T, is the same after the change. Note that the procedure
O(1)-Delay-Scheduler is only allowed to compare among the
inputs, which are {;}1<i<n, 0, and Lmaz. Clearly, with the
modified inputs, the decision tree of the procedure O(1)-
Delay-Scheduler will follow the same path from the root to
the leaf as with the original inputs, since all predicates along
the path are evaluated to the same value! Consequently, the
output schedule of the packets remain the same with the
modified inputs. In the new schedule with the modified in-
puts, since there are K + 2 packets that are scheduled before
T; and are longer than L,,., — d, the actual finish time of
T; is larger than (K + 2)Lmae=9 > (K 4 1)Lmae  However,
its GPS virtual finish time is no larger than n—‘s < Lmas  Go
the GPS-relative delay of the packet T; must be larger than
(K +1)kmaes _ Imae — gLmas This violates the assumed
property of O(1)-Delay-Scheduler. [

Remark: The ideas contained in the proof bear some
similarity to that of Knuth’s 0-1 law [11], which states the
following. If a sorting network can correctly sort inputs con-
sisting of any arbitrary combinations of 0’s and 1’s, it must
be able to correctly sort all inputs. In our proof, {a;}i<i<n
and {Lmaz — Bi}i<i<n, t0 a certain extent, can be viewed
as such 0’s and 1’s.

3.3 Q(logan) complexity for o(n*) delay

In this section, we prove that the tradeoff curve is flat as
shown in Fig. 2: Q(logan) complexity is required even when
O(n®) delay (0 < @ < 1) can be tolerated. Its reduction
proof is mostly similar to that of Theorem 1. The main
difference is that the constant factor before the asymptotic
term (nlogan) becomes critical in this case.

THEOREM 3. Suppose we have a procedure O(n®)-Delay-
Scheduler that guarantees a GPS-relative delay of no more
than Kn"L";J. Here K > 1 is an integer constant and
0 < a <1 is a real constant. Then the complexity lower
bound of O(n®)-Delay-Scheduler is Q(logan) if it is allowed
to compare only between any two inputs.

PROOF (SKETCH). The proof of this theorem is very simi-
lar to that of Theorem 1 and 2. We construct a procedure L-
membership-II, which makes “oracle calls” to O(n®)-Delay-
Scheduler, shown in Fig. 5. Since it is mostly the same as
the program shown in Fig. 4, we display only the lines that
are different.



1. Procedure L-Membership II

29. end {for}

same as in Fig. 4 ...........

12. call Procedure O(n®)-Delay-Scheduler with

................ same as in Fig. 4 ................

21. /* Part II: ‘‘sort’’ the output schedule from the scheduler */

22. for i:= 2 to Kn® + 2 begin

23. perform binary insertion of 7T; into the list Ti,T5,---,T;_1 according to their lengths
24. /% sort the first Kn® + 2 numbers using binary insertion */

25. end /* for */

26. for i:= Kn® +3 to n begin

27. perform binary insertion of 7T; into the list T;_gpa_2,---,T;_1 according to their lengths
28. /* binary insertion into a ‘‘window’’ of size Kn® +2 */

same as in Fig. 4 ...........

Figure 5: Algorithm II for L-Membership Test.

Analysis of the complexity is similar to the proof of The-
orem 1. The number of comparisons that are used in line 21
through line 29 is no more than nlog:(Kn® +2) = anlogan+
o(nlogan). Note that the number of operations performed
from line 26 through 29 is actually n* if the data move-
ments are also counted. However, as we have explained ear-
lier in Section 2.2, we “charge” only for the comparisons. So
the number of comparisons used in O(n®)-Delay-Scheduler
must be at least (1 — a)nlogan — o(nlogan) since otherwise
L-membership II uses less than nlogan — o(nlogan) compar-
isons in the worst case. This would contradict Lemma 3.

Proof of correctness for the procedure L-membership II is
also similar to that of Theorem 2. We only need to show the
following lemma. We omit its proof here since it is similar
to that of lemma 4. [

LEMMA 5. Suppose that (x1,%2, -+ ,Zn) € L. Then for
any i, 1 < i < n, there can be no more than Kn® + 2
packets among T1,T>,--- ,T;—1 that are longer than T;, in
the scheduler output (right after line 20) in Fig. 5.

4. COMPLEXITY-DELAY TRADEOFFS
WHEN ALLOWING LINEAR TESTS

In the previous section, we have established the lower
bound of Q(logan) for guaranteeing O(n*) GPS-relative de-
lay for 0 < a < 1. However, the computational model is
slightly restrictive: we only allow the comparisons among
the inputs (equivalently the GPS virtual finish times). In
this section, we extend the complexity lower bounds to a
much stronger computational model, namely, the decision
tree that allows comparisons between linear combinations
of the inputs. However, to be able to prove the same com-
plexity bounds in the new model, we require that the same
(O(n®) for 0 < a < 1) delay bounds are achieved for a
different and stronger type of delay called disadvantage de-
lay. Despite this restriction, the overall result is provably
stronger (by Theorem 5) than results (Theorems 1 and 3)
in the last section. Whether the same complexity lower
bound holds when linear comparisons are allowed and O(1)
or O(n®) GPS-relative delay bound needs to be guaranteed
is left as an open problem for further exploration.

With respect to a service schedule of packets T = Ty, T»,
-+, Ty, we define disadvantage of a packet T; (denoted as

session 1
session 2
session 3

session 4

session 5

GPStimeline

Figure 6: Disadvantage of packet T, (the shaded
area)

disadv(T;)) as the amount of traffic that has actually been
served in the schedule 7', which should have been served
after the virtual finish time of T; in GPS. The disadvantage
delay is defined as disadvantage divided by the link rate r.
In Fig. 6, the shaded area adds up to the disadvantage
of the packet T4 when the service schedule is in the order
Ti, Ts, - -+, Ts. Recall that F],G PS denotes the virtual finish
time of the packet p served by GPS scheduler. Formally, the
disadvantage of the packet T; (i =1,2,...,n) is

i1
disadv(T;) = Zmam(o, FqngS — FF9) (6)

i=0

So disadv(T;) can be viewed as the total amount of “undue
advantage” in terms of service other packets have gained
over the packet T;. The following lemma that the disad-
vantage delay of a packet is always no more than its GPS-
relative delay.

LEMMA 6. Under the CBF'S condition, for any packet ser-
vice schedule T = T, T, -- ,T,, the disadvantage delay of
T; (1 <14 < n) is always no larger than its GPS-relative
delay.

PRrROOF. Let B(T;) and A(T;) be the set of bits that should
have been served before and after Fch.Ps in a GPS sched-
uler, respectively. Then, under the CBFS condition, the

GPS-relative delay of T; can be written as maz(0, X E};})



length(A(T;) N T;) —1 i—ip1 length(B(T:) (N T;)). The
1

disadvantage delay of a packet, on the other hand, is - Z;;h

length(A(S;) (N T;). Obviously, the latter is no larger than
the former. [

Remark: The above lemma implies that, for the same
amount, guaranteeing disadvantage delay bound is stronger
(harder) than guaranteeing GPS-relative delay bound. How-
ever, it is only slightly stronger: the disadvantage delay
bound of WFQ is zero and that of WF2Q is also zero if
all packets arrive at the same time (so eligibility test [2] is
no longer an issue).

Now we are ready to state and prove the main theorem of
this section: Q(logan) per packet is needed to guarantee a
disadvantage delay bound of no more than O(n®) (0 < a <
1). The proof is again based on reduction technique. An
L-membership (i.e., stronger version of sorting) instance is
reduced to a scheduling instance and fed to a scheduler that
guarantees O(n®) (0 < a < 1) disadvantage bound as input.
It can be shown that L-membership test can be performed on
the output within “T‘Hnloggn time. So the scheduling has to
“pay” the difference between the L-membership lower bound
nlogan—o(nlogan) and “tlnlogan, which is :5%nlogan (i.e.,
Q(nlogam)), or Q(logan) per packet.

In proving the following theorem, we assume that there is
a O(n*)-Disadvantage-Scheduler (0 < a < 1) that guaran-
tees a disadvantage delay bound of Kn“l"';# (i.e., O(n%)),
where K > 1 is an integer constant.

THEOREM 4. The number of linear tests used in the pro-
cedure O(n®)-Disadvantage-Scheduler (0 < a < 1) have a
lower bound of Q(nlogam) in the worst case.

PROOF. The framework of the proof is the same as those
of theorem 1, 2, and 3. A procedure for L-membership test
is shown in Fig. 7. Since it is very similar to the pro-
gram shown in Fig. 4, we show only the lines that are
different. The comparisons used in the procedure include
(a) comparisons used in O(n®)-Disadvantage-Scheduler, (b)
no more than nlog>([1/2(n + 1)(Kne + 1)]) = “tnlogan+
o(nlogan) comparisons used in line 21 through 29, and (c)
O(n) comparisons used line 16 through 20. Since (a)+ (b) +
(¢) = nlogan — o(nlogan), we know that the (a) part must
be at least (1 — 2t )nlogan = Q(nlogzn).

It remains to prove the correctness of L-membership III.
Again its proof is quite similar to that of Theorem 2. We
claim that the {T;}1<i<n are sorted after the execution of
line 29. Similar to the proof of theorem 2, it suffices to show
that the following lemma holds. [

LEMMA 7. Suppose (Z1,%2,--- ,Zn) € L. Then right be-
fore the execution of line 22 in Fig. 7, for any packet Tj,
there can be no more than [1/2(n+ 1)(Kn + 1)] packets,
among Th,Ts,--- ,T;_1, that are longer than T;.

PROOF. We prove by contradiction. Let I' = {7} : 1 <
j <i—1,length(T;) > length(T;)} and let N = |I'|. Since

(z1,Z2,--- ,2,) € L, we know that each interval ( fgﬁ‘;m —

é, % +4), 1 < j < n, must contain the length of one

and exactly one packet among {7} }1<j<n. So in the sorted
order of their lengths, packets in I' must be longer than T;

Lmaz 2Lmaa e NLlmae _
for at least “mar — 24, =rmee — 2§, .-+, and =2 26,

respectively. Suppose N > [4/2(n +1)(Kne + 1)]. Then

. N (iLmas LN(N+1)Lmaz
> Kn®Lme=  This contradicts the guarantee provided by

the proceéure O(n®)-Disadvantage-Scheduler. Therefore, N
must be no more than [/2(n + 1)(Kn® +1)]. O

Compared to Theorem 1 and 3, Theorem 4 allows for a
much stronger computational model. However, it has to
enforce a slightly stronger type of delay (disadvantage delay)
than GPS-relative delay to maintain the same lower bounds.
Nevertheless, the overall result of Theorem 4 is provably
stronger than that of Theorem 1 and 3, shown next.

THEOREM b. If a scheduler assures O(n®) GPS-relative
delay bound using only comparisons between inputs (equiva-
lently GPS virtual finish times), it also necessarily assures
O(n®) disadvantage delay bound.

PROOF. Proof of Lemma 4 can be adapted to show that
among {7Tj}i<j<i—1 there can be no more than Kn® + 2
packets that are longer than T;. So the disadvantage delay
of T; is no more than (Kn® + 2)L";i, which is O(n®). O

We conclude this section by the following conjecture that
was the initial goal of this work.

CONJECTURE 1. The complexity lower bound for a schedul-
ing algorithm to achieve a delay bound of O(1), under the
decision tree model that allows linear tests, is Q(logan) per
packet. A stronger result would be to generalize it further to
the case of O(n®) (0 < a < 1) delay bound.

5. LINKING GPS-RELATIVE DELAY
WITH END-TO-END DELAY

In the previous two sections, we obtain complexity lower
bounds for achieving O(n®) (0 < a < 1) GPS-relative or
disadvantage delay bounds. However, it is more interesting
to derive complexity lower bounds for scheduling algorithms
that provide end-to-end delay bounds. In this section, we
show that our lower bound complexity results can indeed
be put into the context of providing tight end-to-end delay
bounds. This is done by studying the relationship between
the GPS-relative delay and the end-to-end delay.

In [15], Stiliadis and Varma defined a general class of la-
tency rate (LR) schedulers (called servers in [15]) capable
of describing the worst-case behavior of numerous schedul-
ing algorithms. From the viewpoint of a session 4, any LR
scheduler is characterized by two parameters: latency bound
©; and minimum guaranteed rate r;. We further assume
that the j’th busy period of session 7 starts at time 7. Let
Wi ;(7,t) denote the total service provided to packets in ses-
sion ¢ that arrive after time 7 and until time ¢ by the sched-
uler. A scheduler S belongs to the class LR if for all times
t after time 7 and until the packets that arrived during this
period are serviced,

Wi, j (1,t) > max(0,r;(t — 7 — 6;)) (7)

It has been shown that, for a large class of LR schedulers (in-
cluding WFQ [12], FFQ [14], VC [20], W F2Q [2], W F2Q+
[3]), the latency bound of session i, denoted as O, is

+
T T

(")i — Lmam Lmaz,i (8)



1. Procedure L-Membership III

same as in Fig. 4 ...........
12. call Procedure O(n®)-Disadvantage-Scheduler with
same as in Fig. 4 ...........

29. end {for}

21. /* Part II: ‘‘sort’’ the output schedule from the scheduler */

22. for i:= 2 to [\/2 (n+1)(Kn* +1)] begin

23. perform binary insertion of 7T; into the list Ti,T5,---,T;_1 according to their lengths
24. /* sort the first [,/2(n+1)(Kn® + 1)] numbers using binary insertion */

25. end /* for */

26. for i:= [4/2(n+1)(Kn® +1)]+1 to n begin

27. binary insertion of 7; into the list Ti*f\/mP”' ,T;—1 according to lengths
28. /* binary insertion into a ‘‘window’’ of size [1/2(n+1)(Kn® +1)] %/

same as in Fig. 4 ...........

Figure 7: Algorithm III for L-Membership Test.

Here Lyaz,; is the maximum size of a packet in session %
and r; is the service rate guaranteed to session i. For (8) to
hold, it should be true that the link is not over-subscribed,
i, 37 ri <r. Note in (8) that the first term in RHS is
the GPS- relative delay bound in both WFQ and W F2(Q.

One important property of the latency bound ©;, shown
in [15] is that it can be viewed as the worst-case delay seen
by a session ¢ packet arriving into an empty session ¢ queue.
It has been shown in [15] that the latency bound is fur-
ther connected to the end-to-end delay bound of session i,
denoted as D}, by the following inequality:

DY <—+Z®J (9)

Here N is the number of nodes (routers) that traffic in ses-
sion % traverses and ©7 is the latency bound of session 7 in
j’th scheduler. Also, traffic in session ¢ is leaky-bucket con-
strained and o; is the size of the leaky bucket. This result
is strong and important since different routers on the path
may use different LR schedulers, but (9) still holds in this
heterogeneous setting.

We show, in the following theorem, that under a spe-
cial CBFS condition called CBF S+, providing tight GPS-
relative delay bound is equivalent to providing tight latency
bound in any LR scheduler. In CBFS+, the j’th packet
(j > 2) in session ¢ arrives just at the time the (j-1)’th
packet finishes service under the GPS scheduler. In other
words, each packet in session ¢ arrives just in time to satisfy
the CBFS condition. The following theorem is one major
step in connecting our complexity results to the complexity
of providing tight end-to-end delay bounds.

THEOREM 6. Under the CBF S+ condition, an LR sched-
uler is able to guarantee a GPS-relative delay bound of B for
all packets, if and only if, for all Lyasz,: > 0, it guarantees

a latency bound of B + —2az:t Lmas.i for session 1.

PROOF. (if part): Given any packet p, let p’ be the very
first packet of the session ¢ busy period where p is in. Let W
be the total amount of session 4 traffic that arrive between
p and p’ (p and p’ included). Note that if p arrives to see
an empty queue 4, then p and p’ are the same packet. Let

€ > 0 be a constant. Suppose p’ arrives at time 7. Then
according to (7), p must finish service at the time t = 7 +

B + M + € since by time t the server must have

accomplished r;(t — 7 — B — Lmasii 4 €) =W +rie>W
amount of service. This 1ncludes the serv1ce of p since W is
the total session i traffic between p and p’. Now under the
CBF'S condition, the GPS virtual finish time of the packet p
will be no smaller than 7+ E. So the GPS-relative delay of

the packet p will be no larger than ¢t —7— —,—B+ Lmawi 4 ¢

By making Lmas,; and e arbitrarily close to 07, we get the
GPS-relative delay bound of B. Note that we only need the
CBFS condition (instead of CBF'S+) in this part.

(only if part): Suppose that a packet p of size ! arrives
at time 7 to see an empty session ¢ queue. Then under the
CBF S+ condition, 7 is exactly the time that its previous
packet finishes service in GPS. So the virtual finish time of p
is exactly 7'+ -, since its GPS virtual start time is 7. Since
its GPS relatlve delay 1s no more than B, it must finish
service by the time 7 + - + B. So the latency of pis at

most - +B<B+ "“““. O

Remark: We have just shown that, under the CBFS
condition, an LR scheduler that provides a tight latency
bound also provides a tight GPS-relative delay bound (the
“if” part). This in general (without CBFS) is not true: LR
schedulers such as FFQ [14], VC [20], and WEF?Q+ [3] all

mam K

provide a tight latency bound of L’"‘” + —=2% | but it can
be shown that none of them can prov1de 0(1) or even O(n®)
(0 < a < 1) GPS-relative delay in the worst case. However,
under the CBFS condition, we show in Proposition 3 that
FFQ and VC become equivalent to WFQ, and WF2Q+
becomes equivalent to W F2Q, and we have shown earlier
that WFQ and W F?Q guarantee O(1) GPS-relative delay
bounds.

The following corollary is the major result of this sec-
tion.

COROLLARY 1. Under the CBF'S condition, when only
comparisons between inputs are allowed, the per packet com-
putational complexity for an LR scheduler to guarantee a
latency bound of O(n®Lmaz 4 M) (0 <a<1) for all
Liaz,i > 0 is Q(logan).



PrOOF. Combine Theorem 1, 2, and 3, and the “if part”
of Theorem 6. [

The implications of this corollary are profound. Note that
for all schedulers on the path to be LR servers with tight
delay bounds is a sufficient rather than necessary condition
for achieving tight overall end-to-end delay bounds. There-
fore, Corollary 1 does not establish in full generality the
complexity lower bounds for achieving tight end-to-end de-
lay bounds. However, there is substantial evidence [15] that
this is a “fairly tight” sufficient condition, as most exist-
ing scheduling algorithms that can collectively achieve tight
end-to-end delay bounds are LR servers. Corollary 1 essen-
tially states that such lower bounds hold if the end-to-end
delay bounds are established through “good” LR servers’.

Finally, we identify one open problem that we feel very
likely to be solvable and its solution can be a very exciting
result, stated as Conjecture 2 below. Note that Conjecture
2 is strictly weaker than Conjecture 1, as it can be shown
that the latter implies the former.

CONJECTURE 2. The complexity lower bound for an LR
scheduler (introduced in [15]) to achieve a tight latency bound
of O(l)j"”% + L’”T—‘Z“ is Q(logan) per packet, under the de-
cision tree model that allows linear tests.

Remark: FFQ, VC, and WF2Q+ all achieve this la-
tency bound at the complexity of O(logz2n) per packet, with-
out the restriction of the CBFS condition. If this conjecture
is true, it implies that these algorithms are asymptotically
optimal for this purpose, which is an exciting result! Note
that Corollary 1 proves this complexity lower bound under
the weaker model that allows only comparisons among in-
puts.

6. CONCLUSIONS

In this work, we clarify, extend and solve an open problem
concerning the computational complexity for packet schedul-
ing algorithms to achieve tight delay bounds. To the best of
our knowledge, this is the first major step in establishing the
complexity lower bounds for packet scheduling algorithms.
Our three major results can be summarized as follows:

1. We prove that Q(logan) is indeed the per packet com-
plexity lower bound to guarantee O(1) GPS-relative
delay (excluding the cost of tracking GPS time), if a
scheduling algorithm is only allowed to compare among
inputs (equivalently among GPS virtual finish times)
in its decision tree. Moreover, we prove that the com-
plexity lower bound remains the same even if the GPS-
relative delay bound is relaxed to O(n®) for 0 < a < 1,
thus establishing the complete “tradeoff curve”.

2. We are able to extend our complexity results to a much
stronger computational model: a decision tree that
allows linear tests. However, this comes at the cost
of having to enforce a slightly stronger type of delay
(disadvantage delay) in the same asymptotic amount
(O(n*), 0 < a < 1). Nevertheless, we show that the
overall results remain stronger.

"One possible way not to use such “good” LR servers to
establish tight end-to-end delay bounds may be to use dy-
namic packet state (DPS) (introduced first in SCORE [16])
to convey scheduling state information from one scheduler
to another.

3. We show that in a Latency Rate (LR) [15] scheduler,
providing a tight GPS-relative delay bound of * L"“”
0<a<lis equlvalent to providing a tlght la-
tency bound of 2 L"““” + Lmas, Zmaz.i ynder the CBFS+
condition. This allows us to conclude tha’c the per

packet complexity to guarantee "L% + mr“,” i ]a-

tency bound using only comparisons among inbuts is

Q(logam). This, to a certain extent, connects the com-

plexity lower bounds for guaranteeing tight GPS-relative

delay bounds in a single scheduler to the complexity
that is needed to guarantee end-to-end delay bounds.
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