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Abstract

Recently, a parametric State Reward Markov Model
(SRMM/p) has been developed for the reliability and avail-
ability analysis of self-healing SONET mesh networks [2]. In
this paper, we investigate the factors that affect the run-time
complexity of the model presented in [2]. In order to accel-
erate the reliability and availability analysis, we present an
approach that aggregates a set of states in the model based
on 2-phase hypoexponential distribution. A comparison of
the original and the reduced model, with respect to run-
time complexity and accuracy, is carried out by applying
the models for the analysis of few complex networks.

1 Introduction

As telecommunication networks become faster and more crit-
ical to social life as well as to business, there has been an
increased demand for higher reliability and availability. In
order to meet the reliability requirements, service providers
use a number of techniques including fault avoidance, fault
removal, fault-tolerance, and fault-forecasting and combina-
tions there of [9]. In this context, the objective of surviv-
ability analysis is to provide quantitative measures for the
network’s capability to tolerate failures and to provide con-
tinuous service.

Markov models are being widely used for reliability mod-
eling of complex systems as they can capture the proba-
bilistic behavior of the system with attention to the design
details. Particularly, Markov models allow coverage to be
included in the evaluation process. This feature becomes
important for fault-tolerant systems where coverage factor
plays a critical role [8]. In a previous study, we have in-
troduced a special type of Markov model, called parametric
State Reward Markov Model (SRMM/p), for the reliability
and availability analysis of self-healing SONET mesh net-
works [2]. One limitation of the model was the high run-time
complexity. One observes that this is contributed mainly by
large disparity between transition rates among various states
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in the model. In this paper, we present an approach to cir-
cumvent this problem by aggregating some of the states.
Section 2 briefly presents the SRMM/p model and dis-
cusses the factors that affect the run-time complexity of the
model. In section 3, we present a methodology to accelerate
analysis using a reduced model. We give some experimental
results in section 4 and conclude the paper in section 5.
The notation used in the paper is given in the following:

Notation

M(l,h,m) model with parameters

l model parameter representing the number of
stages
model parameter representing the performance
threshold

model parameter representing the number of
partially functioning states

set of functioning states

set of restoration states

set of failure states

failure rate

average restoration rate

repair rate

coverage for successful recovery

number of links in the network

full functioning state at stage ¢

in the model

7' level partial functioning state at stage 1
in the model

failure state at stage ¢ in the model

QS restoration state at stage i for the failure that
occurred at full functioning state S(i — 1)
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QK1 restoration state at stage 1 for the
failure that occurred at state K(: —1).5
s(l,m) function of the number of states in original
model M (I, h, m)
s'(I,m) function of the number of states in reduced
model M (I, h, m)
g(©, X, 1) step-size function for the analysis of
the original model
g'(©,\, ) step-size function for the analysis of

the reduced model

2 The State Reward Markov Model

For the relhability and availability analysis of self-healing
SONET mesh networks, we have introduced the paramet-
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ric State Reward Markov Model, denoted by SRMM /p and
illustrated in Figure 1 [2]. Model parameters, which are
given by the user, determine the size and the output accu-
racy of the model. Other than the model parameters, the
user needs to provide a set of input data. This input data set
includes information about approximate network topology,
failure and repair events, and restoration capability which
altogether determine the goodness of the network [4]. The
model has functioning states (denoted by W), restoration
states (denoted by @), and failure states (denoted by F).
The rate of transitions from functioning states to restoration
states are given by failure rate (denoted by A). Restora-
tion rates (denoted by ) with the coverage (denoted by
¢) for successful recovery designate the rate of transitions
from restoration states to either working or failure states.
The rate of transitions from failure states to functioning
states and amongst the different levels of functioning states
is given by the repair rate (denoted by ). A symbolic repre-
sentation, M (I, h, m), is used for describing the model with
its parameters; where “I” denotes the number of consecu-
tive link failures that the user wants the model to consider.
More than “I” number of failures puts the system in a fail-
ure state automatically, even though it might be recoverable.
Since varying levels of the system performance are consid-
ered by the model, “h” represents the lower bound of the
functioning performance (threshold) below which the system
is considered malfunctioning. Parameter “m” represents the
number of performance levels considered between full func-
tioning level and threshold level. These performance levels
are represented by partially functioning states in the model.
The solution of the model is used to generate the numerical
values of the survivability metrics: reliability and availabil-
ity [3]. The comprehensive model showing all the states and
transitions is given in Figure 2 [2].

2.1 Run-time complexity of the model

For the numerical solution of the transient behavior of the
SRMM /p, we use Runge-Kutta method with adaptive step-
size control [13]. In adaptive step-size control, the algorithm
observes its progress at each step and adjusts the step-size
according to the accuracy required. It increases the step-size
as far as the predetermined accuracy allows and completes
the integration with fewer number of steps than it would
without any increase in step-size. Obviously, this adaptive
step-size control feature results in faster integration for the
required integration duration.

In SRMM /p, transition rates determine the transient be-
havior of the system. As the ratios between these rates
change drastically, the transient status of the system alters
faster. This activity affects the Kolmogorov-equations by
decreasing the iteration interval (¢ 4+ At) or, in other words,
increases the rate of change in the system. Therefore, it di-
minishes the potential gain in run-time through the adaptive
step-size control of the method. Figure 3 depicts the rela-
tionship between logarithmic proportions of transition rates
versus the number of steps to integrate the given duration.
From the figure, we can see that when the logarithmic pro-
portion of transition rates exceeds a certain value, the num-
ber of steps increases drastically. Since the number of steps
is one of the main factors determining the run-time, we see
the similar relationship between logarithmic proportions of
transition rates and run-time as shown in Figure 4.

The number of states is a function of parameter “” and
parameter “m” in the M(I, h, m) representation, and is de-
noted by s({,m). Parameter “I” represents the number of
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Figure 3: The effect of transition ratios on number of itera-
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Figure 4: The effect of transition ratios on run-time



stages in the model each of which accommodates a consec-

utive failure. Parameter “m” represents the number of par-

tially functioning states in each stage. It can be shown that
s(l,m)=m(2l —1) + 31 + 4. (1)

A pictorial representation of s(I,m) is given in Figure 5.
Since the number of states in the model directly determines
number of equations, it constitutes one of the factors which
affect the run-time.
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Figure 5: The effect of model parameters on the number of
states

In today’s standard high speed telecommunication net-
works, the logarithmic ratio between average restoration
rate “©” and failure rate “\” is determined to be high [10]
[12] [11].
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Moreover, as the technology progresses towards decreasing
the failure rate and shortening the restoration time, this
ratio will tend to be bigger and result in longer run-time.
In addition to that, we have a similar high logarithmic ratio

log

between average restoration rate “©” and repair rate “up”

[10] [12] [11].
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However, at least in this case the technology aims to make
the ratio smaller by trying to develop fast repair activities.
Therefore, the primary objective here is to alleviate the ef-
fect of these high ratios of transition rates by aggregating
some of the states in the model. This will not only bring
down the ratios of transition rates but also reduce the num-
ber of states in the model. Of course some penalty need to
be paid in terms of loss in accuracy. However, we show in
the paper that this complexity reduction can be achieved
with minimal loss in accuracy.

3 Accelerated Analysis

We have investigated few approaches that might help to ac-
celerate the analysis of the model in terms of run-time. For
example, decomposition has always been one of the most
efficient approaches used to deal with the complexity of any

kind. In this technique, the system is dissected into its
constituents each of which can be analyzed by a separate
method in an easier way than the whole and the results of
each constituent are combined to get the evaluation of the
entire system [5] [15] [17] [6]. However, not every system
can be dissected easily. Even though it could be possible,
the behavior of the constituents might be totally different
in isolation than in the system. If all these conditions are
satisfied in a system then it is called a completely decom-
posable system. However, there are still some systems which
fulfill the conditions partially and give satisfactory approxi-
mations to the real results with an acceptable level of accu-
racy. These systems are called nearly decomposable systems
and encountered more frequently than the completely de-
composable systems in real life. Behavioral decomposition
in Markov models is a near-complete decomposition. This
decomposition technique is based on dissecting the Markov
model with respect to the relative magnitude of the state-
transition rates. All fast transitions and their related states
are isolated and analyzed for steady-state behavior by as-
suming that these states reach equilibrium condition faster
in comparison to the slow transitions. The results of this
analysis can be used in an approximate behavioral (tran-
sient or steady-state) analysis of the rest of the model.

In our case, due to the nature of the SRMM/p, tran-
sitions flow in an alternating sequence of functional and
restoration states with failure and restoration rates, respec-
tively. As we mentioned previously and showed in (2) and

(3), the average restoration rate “©” is much bigger when
compared to failure rate “A”, and repair rate “p”. There-
fore, we cannot group a set of states in the SRMM /p where
intra-group transitions are far different in magnitude than
inter-group transitions. This hinders us to use the behav-
ioral decomposition towards the reduction of run-time com-
plexity in our model.

Another approach to alleviate the problem of long run-
time is to use a technique called importance sampling [7].
In this approach, failure events are accelerated by changing
the probability measures; however, the output values need
to be adjusted accordingly by using heuristic methods [14].
Choosing a good heuristic is difficult for specific systems
[1]. Further, even though the approach accelerates the run-
time, it needs more complex analysis of the results due to
the correlations induced [16].

The concept of aggregation in Markov models has been
in use for couple of decades. In this approach, states of
the model are fused in order to decrease the model size in
number of states and transitions. In our case, possible aggre-
gation of working (W) and restoration (@) states and their
corresponding transitions might help to reduce the ratio of
different transition rates in the model. Both failure-time and
restoration-time distributions are exponentially distributed
in the model and there is only one transition, denoted by
?X” in Figure 6, from a working state to a restoration state.
These features of the model allow us to aggregate the work-
ing and restoration states by using 2-phase hypoexponential
distribution [18]. After the aggregation process, the working
and restoration states are reduced into a new state, named
“C” in Figure 7, with a new transition whose average rate
is “a”, where o« = © + A.

Figure 8 shows the reduced version of the original model,
which was given in Figure 2, after the application of the state
aggregation to the entire SRMM /p. The reduced model sim-
plifies the run-time complexity from two different points of
view. One is the reduction in the ratio between transition
rates in the model. The other is the reduction in number



Figure 6: Aggregation of working and restoration states
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Figure 7: Aggregated state with altered rates

of states in the model. We define two functions “¢g” and

“g'”to quantify the effect of transition rates on the step-size
for the original and the reduced models, respectively. These
are functions of the transition rates. The higher values of
both functions cause longer run-time by increasing the num-
ber of steps in the integration of both the original and the
reduced models.

9O ) = maz(|log T [1og S| [log 51 (4)

O+
9'(©,\, 1) = |log

| (5)

We can observe the gain in run-time complexity through
the model reduction by comparing the Figure 9 and 10 which
depict the “g” and “g’” for both models. Obviously, the
reduced model is less sensitive to the rate of change in loga-
rithmic ratios of the transition rates than the original model.
This is due to the fact that the function for the reduced
model does not have the highest ratio which is between fail-
ure and the restoration rates.

The other simplification obtained by the model reduction
is the decrease in number of states in the model. So the dif-
ferential equation system has fewer number of unknowns to
integrate which results in faster run-time. Functions s(m, 1)
and s’(m,!) give the number of states in the original and the
reduced model in terms of model parameters, respectively.

s(m,)=m(2l—1)+ 31+ 4 (6)

s'(m,l) =ml+3l+1 (7)

4 Experimental Results

In this section, we present experimental results to support
our claim on the complexity reduction achieved through the
model reduction. In order to answer these questions, we con-
duct experiments on two sample networks. The first sample
network is based on a real LATA which is known as the

-3 0 log(rest. rate/failure rate)

log(rest. rate/repair rate)

Figure 9: ¢(©, A, pt) for the original model
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log(rest. rate/repair rate)

Figure 10: ¢'(®, A, u) for the reduced model
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Figure 8: The Reduced Model

the “New Jersey” network [4] [19]. Figure 11 illustrates this
sample network with two numbers associated with each link,
representing the working capacity and the spare capacity in
terms of STS-1. The second sample network is known as the
“US” network which is illustrated in Figure 12 [4].

For both experiments, we used the model “M(3,0.5,4)”
as shown in Figure 13 and considered consecutive link fail-
ures. With the proposed approximation, the original model
is reduced into the one shown in Figure 14.

After running both experiments with original and re-
duced models, we tabulate the results in Table 1 and Table
2. Each table gives the number of iteration steps versus sim-
ulated analysis period for the numerical solution of both the
original and the reduced models. Since the number of steps
for original and reduced models drastically diverge as the
simulated analysis period increases in both experiments, it
becomes obvious that the model reduction approximation is
even more beneficial for longer analysis in terms of number
of steps in integration.

The gain in number of steps through the reduced model
reflects equally on the run-time. Table 3 and Table 4 tabu-
lates the actual run-times for both experiments. From the
numbers, it is obvious that the approach accelerates the
model in terms of run-time.

On the other hand, if we look at what we pay for the
benefits of the approach in terms of the accuracy of the
results, fortunately we do not see as much difference in sur-
vivability results as we do in run-time. Moreover, the results
from the original and the reduced models do not diverge. As
we can see in Table 5, availability differs only %2.2 % 10~°
between models for the “New Jersey” network. The same
table shows similar close relationship in availability for the
“US” network. Furthermore, time dependent results of both
models in each experiment are really close to each other. For Figure 11: The New Jersey network
example, Figure 15 illustrates the non-divergent reliability
results of both models for the “New Jersey” network. Fig-
ure 16 gives the similar results in reliability for the “US”




Figure 12: The US network
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Table 1: Number of steps for the “New Jersey” network

Stage2

Figure 14: Reduced M(3,0.5,4)

Simulated Number of steps
analysis Original Model | Reduced Model
period (hour) (30 State) (19 State)
1 1295 18
2 2586 19
3 3878 22
4 5168 24
5 6460 25
6 7752 26
7 9043 27
8 10335 28
9 11626 29
10 12917 32
| 20 25831 72
| 50 77485 183
| 100 129141 368

Stage3
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Table 2: Number of steps for the “US” network

Simulated Number of steps
analysis Original Model | Reduced Model
period (hour) (30 State) (19 State)
1 821 18
2 1636 21
3 2452 25
4 3267 27
5 4082 29
6 4897 31
7 5714 32
8 6530 33
9 7346 34
10 8162 34
| 20 16320 | 63
| 50 40791 | 152
| 100 68014 | 301




Table 3: Run-Time for the “New Jersey” network

Simulated Run-Time (hr:min:sec)
analysis Original Model | Reduced Model
period (hour) (30 State) (19 State)

1 00:03:49 00:00:00.23

2 00:08:56 00:00:00.21

3 00:15:27 00:00:00.24

4 00:23:10 00:00:00.26

5 00:32:25 00:00:00.28

6 00:51:64 00:00:00.29

7 00:57:11 00:00:00.30

8 01:16:21 00:00:00.58

9 01:26:40 00:00:00.45

10 01:58:19 00:00:00.70

20 02:48:32 | 00:00:04 |

50 06:25:11 | 00:00:08 |

100 16:38:46 | 00:00:19 |

Table 4: Run-Time for the “US” network

Simulated Run-Time (hr:min:sec)
analysis Original Model | Reduced Model
period (hour) (30 State) (19 State)

1 00:00:42 00:00:00.21

2 00:01:42 00:00:00.23

3 00:03:05 00:00:00.28

4 00:04:51 00:00:00.30

5 00:07:13 00:00:00.32

6 00:09:35 00:00:00.35

7 00:12:30 00:00:00.52

8 00:16:25 00:00:00.61

9 00:20:27 00:00:00.71

10 00:24:11 00:00:00.57

20 00:38:03 | 00:00:03 |

50 014223 | 00:00:07 |

100 12:15:22 | 00:00:17 |

Table 5: Availability for the “New Jersey” and the “US”

network
Availability
Experimental | Original Model | Reduced Model
Networks (30 State) (19 State)

“New Jersey”

0.999833389953

0.999833410915

“US”

0.9843426772

0.9843461500

network.

If we sum up all the pros and cons of the new

model-reduction approximation, we conclude that it does
not only simplify the run-time complexity in a very consid-
erable amount, but it is also a close enough approximation.
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Figure 15: Reliability of the “New Jersey” network
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5 Conclusion

In this paper, we investigated the run-time complexity of the
parametric State Reward Markov Model (SRMM/p) that
we have proposed for the reliability analysis of self-healing
SONET mesh networks. With the observation that the dis-
parity in the transition rates among various states in the
model is the main contributing factor to the run-time com-
plexity, we developed a solution based on state aggregation.
This approach considerably reduces the run-time by decreas-
ing the number of iterations and equations in the behavioral
analysis of the underlying Markov model (SRMM/p). These
claims were verified by experimental results. In the exam-
ples we chose, the run-time complexity drops by the order
of tgousands while the accuracy loss is only of the order of
107",
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